We prove a convergence result for a shock-capturing streamline diffusion finite element method applied to a time-dependent scalar nonlinear hyperbolic conservation law in two space dimensions.
Introduction.
In this note we continue the analysis of shock-capturing streamline diffusion finite element methods (SC-metods for short below) for hyperbolic conservation laws initiated by Johnson and Szepessy [6] , [7] , where convergence for Burgers' equation in one dimension was proved using the theory of compensated compactness.
We prove here strong convergence in Ll°c for a SCmethod with piecewise linear elements applied to the following scalar conservation law in two dimensions : 2 Q (1.1a) ut + Yd^Jl^=0 ™R2xR+=R3+, i = l (1.1b) u(z,0) = u0(z) îor x E R2, where the ft: R -> R are given smooth functions and we assume that the initial data «o E L00(R2) have compact support. The convergence result is obtained using a uniqueness result by DiPerna [1] for measure-valued solutions by proving that the finite element solutions are uniformly bounded in L«,, weakly consistent with all entropy inequalities and strongly consistent with the initial condition. We also show that the accuracy of the method when applied to a linearized conservation law is at least cf(hzl2), where h is the mesh parameter. The streamline diffusion method is a general finite element method for hyperbolic problems which may be viewed as a certain combination of the standard Galerkin method and a least squares method. In the shock-capturing streamline diffusion method an artificial viscosity is added, with viscosity depending on the residual of the finite element solution and a certain mesh-dependent parameter (here the residual means the result of the hyperbolic operator applied to the finite element solution). The shock-capturing streamline diffusion method combines (f(h3/2) accuracy (in the case of piecewise linear elements) with good stability obtained through the least squares control of the residual and the shock-capturing artificial viscosity.
For more information on streamline diffusion finite element methods we refer to Hughes and Mallet [2] , Johnson et al. [4] and the references therein. An extension of the convergence result of this paper to include also boundary conditions is given in [9] .
The shock-capturing artificial viscosity coefficients in this paper differ from those in Hughes and Mallet [2] and Johnson et al. [7] , where the artificial viscosity was normalized by dividing by the gradient of the approximate solution. We compensate by using here a smaller mesh-dependent parameter in the coefficient of the artificial viscosity. This makes no essential difference in the convergence proof for nonsmooth solutions, but makes it possible to easily prove that the error for a linearized version of (1.1) is of the desired order tf(hk+1/2) in regions where the exact solution is smooth, when using elements of order k.
An outline of the paper is as follows. In Section 2 we give some background on Young measures and state the uniqueness result for measure-valued solutions satisfying entropy conditions. In Section 3 we introduce the SC-method and in the main Theorem 3.1 we prove that the finite element solutions Uh converge strongly in Li00, 1 < p < oo, to the unique L^-solution u of (1.1) as the mesh parameter h tends to zero. The proof is divided into Lemmas 3.1-3.3, which are proved in Sections 4-6. In Lemma 3.1 we prove that Ht/^Hz.^ is uniformly bounded in h by proving Lp-estimates and letting p tend to infinity as in [7] in the case of one space dimension. In Lemma 3.2 we prove that the Young measure associated with Uh is a weak solution and satisfies all entropy inequalities corresponding to convex entropies. Finally, in Lemma 3.3 we prove convergence towards initial data as h tends to zero by combining weak convergence and ./^-stability.
In Section 7 we prove error estimates for the SC-method applied to a linearized version of (1.1) with smooth solution, thus demonstrating that the shock-capturing modification in the SC-method does not degrade the accuracy for smooth solutions. We shall denote by C a positive constant not necessarily the same at each occurrence and always independent of h.
Measure-Valued
Solutions.
In this section we give the necessary background material on Young measures and measure-valued solutions of conservation laws following [10], [11] , [1] . Our convergence result is based on Theorem 2.2 below. THEOREM 2.1. Let Uj be a uniformly bounded sequence in Loo(R^), i.e., for some constant K,
Then there exists a subsequence (again denoted) Uj and a family of measurable probability measures vy E Prob(i'), y E R\, such that suppig is contained in {x E R: \x\ < K) and the L^ weak-star limit,
exists for all continuous functions g, where Since Uj is uniformly bounded in Loo(R^_), strong convergence in Ll°c for some p, 1 < p < oo, is equivalent to strong convergence in Ll°c for all q, 1 < q < oo.
We can now define the measure-valued (mv) solution of ( for all convex entropy pairs (»7,17) = (»7,91,92). We recall that (r), q) is a convex entropy pair if the entropy r¡ : R -» R is continuous and convex, the corresponding entropy flux q = (qi,q2) '■ R -► R2 is continuous and all ^-solutions u(x, t) of (1.1a) satisfy the additional conservation law
For smooth r\, (2.6) holds if and only if V'fi = <li, ¿=1,2, which means that every convex smooth function r¡(u) forms an entropy pair (n,q) provided that the corresponding entropy flux q = (qi,q2) is defined by
Jo
We recall that the classical admissibility condition for a solution u to (1.1a) reads
for all convex entropy pairs. The basic existence and uniqueness result for the Kruzkov ¿oo-solution u to the scalar conservation law (1.1), see [8] , reads as follows:
If i«o € L\(R2) H Loc(R2), then there exists a unique function u E L00(R^_) which satisfies (2.7) for all entropies nk of the form r)k(X) = \X -k\,kE R, together with the initial condition \\m \\u(-,t) -uo\\Ll(R2) =0.
The following result [1, Theorem 4.2 and Remark 3] gives an extension of the Kruzkov uniqueness result to measure-valued solutions. THEOREM 2.2. Suppose thatuo E Li(R2)C\L0O(R2) and thatv is an admissible mv solution of (1.1a) generated by a uniformly bounded sequence Uj in L00(R^_), such that for some constant C
Then v is the Dirac solution vy = ôu(y), where u is the unique Loo-solution of (1.1).
According to Corollary 2.1 we then have u3 -» u strongly in Ll°c, 1 < p < oo.
Formulation of the Method and the Main Theorem.
In this section we formulate the SC-method and give a basic L2-stability result and some interpolation estimates, which will be used below.
The SC-method is based on a space-time finite element discretization of R\ defined as follows. Let 0 = t0 < <i < t2 < ■ ■ ■ < t^ = T be a sequence of time levels with tn+i -tn ~ h, set /" = (tn, tn+i) and introduce the "slabs" Sn = R2xln and the sets R2l -R2x {tn}. Let T¡¡ be a quasi-uniform triangulation of R2 into where Pi(K) denotes the set of linear functions on K, R = max{|a;|;x E supptto} and M is a positive constant to be defined below. In other words, Vhn consists of continuous piecewise linear functions on the slab Sn which are zero for large |x|. We shall seek an approximate solution Uh in the space Vj, = nn=o^T' Le-' for n = 0,1,2,...,N we will have Uh\Sn E Vhn. Note that the functions in Vh are continuous in x and possibly discontinuous in t at the discrete time levels tn-
The SC-method for (1.1) can now be formulated: Find Uh E Vh such that for Existence of a solution to (3.1) follows from a variant of Brouwer's fixed point theorem as in [5] . From now on, U = Uh will denote a solution of (3.1). Our main result is the following THEOREM 3.1. The solutions Uh of (3.1) converge strongly in Li°c(R^) for 1 < p < oo to the unique Loo-solution of (1.1) as h tends to zero.
The proof is divided into three steps: Lemmas 3.1-3.3.
LEMMA 3.1. There is a constant C such that the solutions Uh o/(3.1) satisfy \\Uh\\Loo(R%)<C, 0<h<l.
There is a subsequence of the solutions Uh of (3.1) that generates an admissible mv solution v of (1.1). where SN = \Jn=0 Sn and integrals over SN are interpreted as a sum of integrals over the SnWe shall need the following standard interpolation error estimate (3.4), "superapproximation" result (3.5) and inverse estimate (3.6), where nw E Vn is the usual piecewise linear interpolant of a function w E n">o^(5").
A proof of the superapproximation result is given in [7] .
LEMMA 3.4.
There are constants C such that for w E Ws'p(u)nW(Sn), v E Vn, 11 = 0,1,2,..., We note that fv is continuous on 53, and after an appropriate choice of coordinate directions we get by the definition of fv
VU -V-k(U^)> MJp(y)\VU\2\\U\\ll\Ky
We have /( . ^ i (2/1 -y2?{yp-2 + yp2~2) + (y. -ys)2^'2 + yP~2) + (y3 -y*?{ypf2 + yP'2) " 4 ((yi -y2)2 + (yi -y3)2 + (ys -va)2)™*^2,^^-2^2)
Let us first assume that \yi\p~2 = maxi<i<4(yf_2). If (yi-y2)2 + (y\-yz)2 > 1/p2, then we clearly have (4.1) fP(y) > c/p2.
In the case (j/i -y2)2 + (yi -y3)2 < 1/p2, we have (u) («rvi-^r^f-^w, .=2,3,
which proves (4.1).
Next, we consider the case |t/2|p~2 = maxi<¿<4(|2/¿|p_2). If \yi -y2\ > 1/p, then If now ¡2/i -2/31 > 1/p, then (4.1) holds, and finally, if |yi -y3\ < 1/p, then we have |j/3 -2/2I < I2/1 -2/2I + I2/1 -2/31 < 2/p, and as in (4.2) we obtain (4.1). By symmetry, this proves (4.1) for all y E S3. G Taking now v = 7r([/p_1) in (3.1), where p is an even integer greater than 2, we get With the aid of these estimates we get by summation over n = 0,1,2,..., N for
Js» \6 s/
Using now the convexity of the function U -> Up, we have
<ho\\l {R*)+Cp3(hß + h6ß).
The next step is to obtain Lp-estimates for all t E (0, oo). As in [7] , we have for
Thus, by Gronwall's inequality we obtain for £/v < í < ijv+i (4.3) \M;t)\\lpm < eCh^\\uo\\pLp{R2)+Cp3(hß + h6ß).
This proves by (3.2) the existence of positive constants c and »Oi independent of p and h, such that 
Proof of Lemma 3.2 (The Entropy Condition).
To prove Lemma 3.2, we first note that by Lemma 3.1 the solutions Uh of (3.1) are uniformly bounded in the Loo-normi so that by Theorem 2.1 there exists a subsequence {Uh} which converges in the weak-star topology in Loo(R+), and the limit can be represented by a family of probability measures vy such that for all continuous state variables g (5.1) g(Uh(y))-(vy,g(X)).
Our next step is to prove that the Young measure v is an admissible mv solution, i.e., that v satisfies in the distribution sense 2 (5-2) ^K,A)+¿¿K,/<(A))=0, 7=1 ' and for all convex entropy pairs (n, q) 2 (5-3) j^»7(A)> + ¿¿K,<fc(A))<0.
7=1 l
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To prove (5.3), let (<7,<7i,<?2) be a smooth convex entropy pair. Let $ E 8^°°(ß2 x R+), $ > 0, and partition $ as follows:
where </>,<p > 0, <f> E %°°(^R+2M) and <p E %°°(R2 x R+\ÜR+1M). Taking
Integrating by parts and summing over n, In order to treat all convex continuous entropies r¡, we observe that a standard regularization rf = n * u£ maintains the convexity, and r¡£, q\ tend to r\, qi uniformly. Here, u satisfies the following conditions:
wëC((-U)), w>0, ¡ udy=l, ue(y)=s-1u(^Y By dominated convergence applied to (5.3) with rf -► r¡ we then obtain (5.3) in the general case. Next, by taking n(X) = ±X in (5.3) we get (5.2), thus proving that v is an admissible mv solution. It remains to prove the propositions. We shall estimate the Rl using the estimates To estimate R7 and R8, we shall use the following result.
PROPOSITION 5.3. We have UMv'{U)))t > 0, VXU ■ Vx(ir(r¡'(U))) > 0.
Proof. We see that Ut(Tr(r¡' (U)))t is constant on each tetrahedron K E TnAccording to the construction of the tetrahedrons K, there is for each K an orthogonal coordinate transformation in the xi,x2-rAnxie such that K always has one edge in each coordinate direction. Hence, let (11, 12 ,i), t[ < t < t'2, be such an edge of K; then the sign of Ut^(r]'(U))t is equal to the sign of (U(xi,x2,t'x) -U(xï,x2,t'2))(ri'(U(xi,x2,t'1)) -r¡'(U(xi,x2,t'2))), which is nonnegative since r/' is nondecreasing. An analogous argument in the i, directions will then, after summation, complete the proof of Proposition 5. Here we prove that the Li-stability (2.8) and the initial condition (2.9) are satisfied. First we note by the definition of Vh that (v(Xtt), |A|), i.e., the Loo weak-star limit of \Uh(x, t)\, has support in tïR+2 M (i.e., compact support in x for fixed t). Next, by the following L2-stability, (6.1) \Uh(;t)\\L2{Ri)<exp(Ch/6)\\uo\\L2{R2), which is obtained from the stability estimate (3.3) by a Gronwall inequality as in (4.3), we get (6.2) ||ü-*(-,*)IUi(ä») < C?||t*o||i,(Ä»), t<T. Now using that g(Uh(x,t)) -* (v^x^,g(X)) in the Loo weak-star topology for every continuous state variable g, we obtain from (6.1) and (6. To prove (2.9), we shall use a technique (see [1] ) which involves the following weak convergence and the L2-stability (6. which proves the initial condition (2.9) for regular initial data. In the more general case «o € Loo(-R2) with suppuo C {x E R2 : \x\ < R}, we let the functions /" satisfy /" EW^R2), supp/n C{xE R2: \x\ < R} and lim^oo ||/" -u0\\l2(r2) = 0, and use (6. t-'0 \Jr2 )
